Controlling the electromagnetic helicity and directionality of the light scattered by dielectric particles is paramount to a variety of phenomenology of interest in all-dielectric optics and photonics. In this Letter, we show that the conservation of the electromagnetic helicity in the scattering by high-index dielectric Mie spheres can be used as a probe of pure-multipolar spectral regions, particularly, of dipolar nature, beyond its presumed spectral interval. This finding reveals that the dipolar behaviour is not necessarily limited to small particles, in striking contrast to the current state of the art. Interestingly, we demonstrate that the optimum forward light scattering condition, predicted for a particular nano-sphere in the limit of small particle, is fulfilled in fact at a fixed ratio between the incident wavelength and particle's size for an infinite number of refractive indexes.
Controlling the electromagnetic helicity and directionality of the light scattered by dielectric particles is paramount to a variety of phenomenology of interest in all-dielectric optics and photonics. In this Letter, we show that the conservation of the electromagnetic helicity in the scattering by high-index dielectric Mie spheres can be used as a probe of pure-multipolar spectral regions, particularly, of dipolar nature, beyond its presumed spectral interval. This finding reveals that the dipolar behaviour is not necessarily limited to small particles, in striking contrast to the current state of the art. Interestingly, we demonstrate that the optimum forward light scattering condition, predicted for a particular nano-sphere in the limit of small particle, is fulfilled in fact at a fixed ratio between the incident wavelength and particle's size for an infinite number of refractive indexes. Gustav Mie presented in 1908 his most relevant contribution to the electromagnetic (EM) theory by solving the scattering of a plane wave by a spherical particle [1] . At its origins, the aim of this work consisted on a fundamental theoretical explanation of the colouration of metals, particularly gold colloids [2] .
As time passed by, the interest on which is nowadays referred to as Mie theory became notorious and was later extended to magnetic spheres presenting a non-zero relative permittivity ε and permeability µ [3] . In that work, Kerker et al. predicted a perfect-zero optical backscattering condition, regardless of the sphere's size, when ε = µ is satisfied. A few years later, the previous condition was linked to the restoration of a non-geometrical symmetry: the EM duality [4] , first introduced by Calkin in 1965 [5] . In the latter, Calkin showed that the conserved quantity related to the EM duality symmetry is the EM helicity (Λ), defined as the projection of the total angular momentum onto the linear momentum of the wave. However, there are no magnetic materials (µ = 1) at optical frequencies and, then, the EM duality restoration together with its signatures (EM helicity conservation and absence of backscattered light) could not be experimentally verified.
In striking contrast, high refractive index (HRI) dielectric nano-spheres (with µ = 1) present strong magnetic and electric dipolar resonances in the visible [6, 7] , as well as in telecom and near-infrared frequencies [8] . The interference between these electric and magnetic dipolar modes, or equivalently, the first electric and magnetic Mie coefficients [9] , is entirely embedded in the asymmetry parameter, g [9] . When the first Mie coefficients are identical, at the so-called first Kerker condition [10] , g is maximized in the electric and magnetic dipolar regime [11] [12] , leading to the zero optical backscattering condition [13] [14] [15] . For incoming beams with well-defined EM helicity (Λ inc = σ , with σ = ±1), a direct relation between Λ (after scattering) and g arises, namely, Λ = 2σ g [16] , and this absence of backscattered light can be likewise derived from EM helicity conservation [17] . * jolmostrigo@gmail.com Interestingly, an optimum forward light scattering was found at the first Kerker condition for a nano-sphere with given refractive index contrast m ≈ 2.45 [18, 19] . Such nano-spheres are often referred to as dual scatterers [20, 21] , i.e., particles that are invariant under EM duality transformations [4] and, thus, preserve the EM helicity after scattering. Nonetheless, the ideal mapping from the scattering by magnetic spheres satisfying ε = µ onto the scattering by dielectric spheres can only be achieved in a multipolar scattering process [22] , when every pair of electric and magnetic Mie coefficients are identical, i.e., a l = b l ∀ l, where l the multipole order. The latter condition has been widely conjectured to be unattainable [17, 20, 23] , although an actual demonstration remains unexplored. In this vein, a near-duality spectral region, apparently satisfying a l ≈ b l ∀l, was predicted far beyond the dipolar regime in which a broadband near-zero optical backscattering is achievable [23] .
In this Letter, we demonstrate that the ideal mapping from ε = µ onto the scattering by dielectric Mie spheres is precluded due to a fundamental property of the Bessel functions. The latter property is general since it does not depend on the refractive index contrast, multipole order, incoming polarization or ratio between the incident wavelength and particle's size, and specifically shows that if a j = b j then a l = b l ∀ l = j. Consequently, the absence of backscattered light and the EM helicity conservation cannot be ideally achieved in a multipolar scattering process. Nevertheless and as a result of our proof, we show that the almost entirely conservation of the EM helicity ( Λ ≈ 1) implies the existence of puremultipolar spectral regions [24] , specifically of dipolar nature, where the zero optical backscattering condition can be fulfilled for micro-sized spheres. Particularly, we determine that the optimum forward light scattering condition arises quasiperiodically for an infinite number of refractive indexes at a fixed ratio between the incident wavelength and particle's size in unexpected dipolar spectral regimes.
In addition, we expose that at the so-called near-duality spectral region [23] , in which a broadband nearly-zero optical backscattering is achievable, the EM helicity is not conserved, showing that the absence of backscattered light is not (always) arXiv:2003.12812v1 [physics.optics] 28 Mar 2020 a reliable signature of the EM duality restoration. Our results clearly illustrate then that Λ ≈ 1 can be used as a straightforward probe of dipolar regimes. Moreover, we unveil that these arise in unusual spectral regimes beyond the magnetic and electric quadrupole resonances, opening new insights in the study of the scattering of light from dielectric Mie spheres. The latter can be summarized as follows: the concept of small particle [6] [7] [8] is sufficient, but not necessary, in order to assume a dipolar optical response.
Mie theory [1] gives the exact analytical solution of Maxwell's equations for a spherical particle in an homogeneous medium under plane wave illumination. It allows to write the scattering efficiency of the particle as [9] 
where Q sca = σ sca /πR 2 , being σ sca the scattering cross section and R the radius of the particle. Here, x = kR is the size parameter, where k = m h k 0 = m h (2π/λ 0 ), being λ 0 the incoming wavelength in vacuum and m h is the refractive index of the external medium. The scattering properties depend on the refractive index contrast between the particle and the external medium, defined as m = m p /m h , where m p is the refractive index of the particle. The electric and magnetic Mie coefficients, a l and b l , respectively, are given in terms of the scattering phase-shifts [25] by
and
Here S l (z) = z j l (z) = In this scattering phase-shifts notation, the condition
ply the restoration of the EM duality and the conservation of its associated signature, the EM helicity, which would lead to the perfect-zero optical backscattering condition in an arbitrary multipolar scattering process [17] . For each multipole order l and according to Eqs. (3) and (4), this non-magnetic generalized duality condition requires either S l (mx) = 0, or S l (mx) = 0 [25] . Generally, these solutions are embedded in:
where a, b ∈ R. Notice that when a = 1 and b = 0 the node of the first kind emerges, i.e., S l (mx) = 0, while for a = 1 and b = 2 the node of the second kind arises, i.e., S l (mx) = 0. At this point, let us make use of the following Lemma [26]:
1. When v > −1 and a, b ∈ R such as a 2 + b 2 = 0, then no function of the type aJ v (z) + bzJ v (z) = 0 can have a repeated zero other than z = 0.
Since the trivial solution mx = 0 implies no particle, this Lemma necessarily means that Eq. (5) cannot be formally satisfied ∀ l for a fixed size parameter mx. On physical grounds, this phenomenon implies that, when a j (m, x) = b j (m, x), no other pair of electric and magnetic Mie coefficients can be identical, a l (m, x) = b l (m, x) ∀ l = j. Lemma 1 unveils a property of a dielectric Mie sphere that has been broadly conjectured [17, 20, 23] but not yet demonstrated: the EM helicity cannot be totally conserved in a multipolar scattering process. This fact precludes the perfect-zero optical backscattering condition in a cylindrically symmetric target [17] and the ideal restoration of the EM duality in a multipolar scattering process [4] , regardless of the incoming polarization, multipole order, size parameter x, and refractive index contrast. Thus, we have revealed an inherent property of the so-called Mie theory [1] . Nevertheless, the EM helicity can be almost entirely conserved in pure-multipolar spectral regions with well-defined square of the total angular momentum, J 2 . Specifically, in dipolar spectral regimes, as we will shortly see. Let us explicitly calculate the expected value of the scattered EM helicity arising from a dielectric Mie sphere. Within a helicity and angular momentum framework, the incoming beam electric field, E inc , can be expanded in vector spherical wavefunctions (VSWFs), Ψ Ψ Ψ σ lm , with well-defined helicity, σ = ±1 [21, 27] . In this basis,
where Ψ Ψ Ψ σ lm is defined as
Here, M M M lm and N N N lm are Hansen's multipoles, X X X lm denotes the vector spherical harmonic [28] , j l (kr) are the spherical Bessel functions (well-defined at r = 0), Y m l are the spherical harmonics, C σ lm are the incident coefficients characterizing the nature of the incoming wave, and L = {−ir × ∇ ∇ ∇} is the orbital angular momentum operator. Let us recall that the multipoles Ψ Ψ Ψ σ lm can be built following the standard rules of angular momentum addition [29] as simultaneous eigenvectors of J 2 and J z , with J = L + S, being S = −i× the spin angular momentum operator. The multipoles Ψ Ψ Ψ σ lm are then simultaneous eigenvectors of J 2 , J z [29] and the helicity operator Λ Λ Λ = (1/k)∇ ∇ ∇× [5] , with eigenvalues l(l + 1), m and σ , respectively.
When a dielectric Mie sphere is centered at the origin (r = 0), the AM number m is preserved in the scattering process due to the rotational invariant symmetry of the system. The scattered fields outside the sphere, E sca = E + sca + E − sca , can 1 trajectories when the scattering can be described by electric and magnetic dipolar modes. The white dashed transparent rectangle illustrates the so-called near-duality spectral region [23] . be written in terms of "outgoing" VSWFs, Φ Φ Φ σ lm (defined as in Eq. (7) replacing j l (kr) by the outgoing spherical Bessel functions h l (kr)), as
In this framework, it can be seen that the expected value of the EM helicity of the scattered field is generally given by
(11) Equation (11) is a general result showing the expected value of the EM helicity after scattering for an arbitrary incident beam. Particularly, when the sphere is illuminated by a circularly polarized plane wave with helicity σ [21] , or by a cylindrically symmetric beam [20] (eigenvector of both Λ Λ Λ and J z operators, with eigenvalues σ and m, respectively), the scattered field is a combination of multipolar modes with fixed m. As a result, it can be shown that
is the helicity transfer function [20] . When T goes to zero, the particle is said to be dual [20] and the scattered EM helicity is identical to the EM helicity of the incoming beam. Nonetheless, as we have previously demonstrated via Lemma (1), the EM helicity cannot be ideally conserved in a multipolar scattering process. However, the EM helicity can be almost entirely preserved in pure-multipolar spectral regions, particularly, in dipolar regimes, as can be inferred from Fig. 1 . Firstly, we identify dipolar regions (white The maximum value of Q sca is identical to Q sca = 3.75. Interestingly, at each of these maxima, the full multipolar expansion (gray dashed lines) is essentially dipolar (solid lines).
colors) from Fig. 1a , where the percentage error of assuming a dipolar response, i.e., Q dip error = |Q dip sca /Q sca − 1|%, versus the y = mx size parameter and refractive index contrast m is depicted. Notice that Q dip sca corresponds to Eq. (1) but retaining only l = 1 (dipolar contribution). Surprisingly, several dipolar spectral regimes are found far beyond its presumed spectral interval (beyond the magnetic (m q ) and electric quadrupole (e q ) resonances) for HRI spheres with m ≥ 3.5. Secondly, we show in Figure 1b the expected value of the EM helicity after scattering, Λ , under well-defined helicity plane wave illumination, σ = +1 (see Eq. (12)). As can be inferred from the attached color-bar, Λ ≈ 1 when the s (q) 1 vertical trajectories, corresponding to the q-th zeros of S 1 (mx) = 0 [30], pass through a dipolar spectral region. In contrast, Λ is not conserved in a multipolar scattering process as a result of Lemma 1 since if a l (m, x) = b l (m, x) then a j (m, x) = b j (m, x) ∀ j = l. Notice that this phenomenon also applies to the zeros corresponding to the nodes of first kind, S 1 (mx) = 0, according to Lemma 1.
Let us now briefly discuss the concept of near-duality [23] . Since EM duality implies absence of backscattered light [17] , one can be tempted to identify spectral regions with very low backscattering cross sections with near-duality regions, where a l ≈ b l ∀ l. This condition would imply a nearly-conserved EM helicity since the transfer function of Eq. (12) would be approximately zero. However, as can be inferred from the white semi-transparent rectangle appearing in Fig. 1b , the expected value of the helicity oscillates between 0.3 < Λ < 0.9 in the so-called near-duality spectral region. This contradicts the essence of the EM duality restoration as its signature, the EM helicity, is not preserved. These aforementioned phenomena corroborate that Λ ≈ 1 can be used as a straightforward probe of the presence of dual pure-multipolar spectral regions described by electric and magnetic dipolar modes. However, it is important to notice that the emergence of dipolar spectral regions does not entail Λ ≈ 1 in the entire dipolar regime, which can be observed comparing the white regions of Fig. 1a with their corresponding regions of Fig. 1b .
In order to get a deeper insight into the appearing of these dipolar spectral regimes, we analyze in Fig. 2 the dipolar contribution (blue dashed line) to the total scattering efficiency (black solid line) for two different dielectric-like spheres [31] : Titanium Oxide (TiO 2 ) with m = 2.5 and Germanium (Ge) with m = 4. While in the case of TiO 2 , the dipolar regime (blue background in Fig. 2a ) just emerges in the limit of small particle [6] [7] [8] , the scattering efficiency arising from the Ge sphere presents an unexpected dipolar spectral regime in the interval given by 5.75 < y < 6.25 (narrow blue background in Fig. 2b) , far beyond the magnetic and electric quadrupole resonances. Let us recall that, at this unusual dipolar spectral regime, the EM helicity is almost entirely preserved at s (1,2) 1 for the Ge sphere while it is not near to be preserved for the TiO 2 sphere at s (2) 1 due to the contribution from higher order multipoles, as previously discussed in Fig. 1b .
Let us now briefly examine the so-called optimum forward light scattering condition, which was predicted in the limit of small particle for a particular diamond-like nano-sphere [31] with refractive index contrast m ≈ 2.45 [18, 19] . We address this problem with a different approach that consists in maximizing the dipolar scattering efficiency (Eq. (1) but retaining only l = 1) at the first Kerker condition given by the dipolar node of second kind, i.e., S 1 (m, x) = 0, which yields:
Here ξ l (x) = xh 1 (x), where h l (x) are the outgoing spherical hankel functions [9] . Equation (13) shows that the dual scattering efficiency just depends on the x size parameter at the first Kerker condition and its maximum value is bounded. From the dipolar node of second kind evaluated at x max , namely, the size parameter that gives rise to the maximum dual scattering efficiency, it is straightforward to derive the material(s) that satisfy the optimum forward light scattering condition. Mathematically, this is equivalent to finding the set of refractive contrast indexes satisfying S 1 (mx max ) = 0, as shown graphically in Fig. 3 . Interestingly, for the asymptotic limit given by m x, l, the dipolar node of the second kind reads as S 1 (mx) ≈ sin(mx) and, then, the optimum forward light scattering condition is not a transcendental but an analytical solution given by the simple form m = qπ/x max , where q ∈ R. For completeness, we illustrate the scattering efficiency radiation pattern, dQ sca /dΩ [11] , arising from two materials with m ≈ 2.45 and m ≈ 5.47 satisfying the optimum forward light scattering condition, in Fig. 4a and Fig. 4b, respectively . As previously discussed, the scattering radiation pattern is identical since the optimum forward light scattering condition arises at a fixed x size parameter (x max ≈ 1.12) for an infinite number of materials, contrary to interpretations [18, 19] . Finally, let us discuss one aspect of interest about the dipolar regimes arising beyond the m q and e q resonances: the scattering radiation pattern arising from HRI dual spheres such as Ge considerably exceeds the one emerging from the same refractive index contrast in the limit of small particle, as can be inferred from Fig. 4c and Fig. 4d . This phenomenon could drive future experiments based in the EM duality restoration: EM helicity conservation and absence of backscattered light for HRI spheres in the dipolar spectral regime arising wellbeyond the limit of small particle.
In conclusion, we have unveiled a fundamental property of the scattering by a dielectric Mie sphere: the EM helicity can not be fully conserved in a multipolar scattering process. This finding precludes the ideal EM duality restoration and the perfect-zero optical backscattering condition in a multipolar scattering process. The proof is general since it is solely based on a fundamental mathematical property of the Bessel functions and, thus, remains valid regardless of the particle size, refractive index contrast, incident wavelength, and multipole order. Nevertheless, we have shown that the almost entirely preservation of the EM helicity can be used as a probe of pure-multipolar spectral regimes, particularly, of dipolar nature beyond its presumed spectral region. This intriguing finding shows that the dipolar behaviour is not necessarily limited to small particles, showing that optical forces [32] , radiation pressure [33] and light transport effects [34] , originally derived from dielectric particles in the limit of small particle, can be extended for relatively large HRI spheres. Finally, we have proved that the optimum forward scattering condition, originally derived for a specific nano-particle, is satisfied for an infinite number of materials at a fixed x size parameter. We firmly believe that the results of our calculations open new perspectives in the study of the scattering by dielectric Mie spheres, including new possible applications of HRI particles as building blocks in photonic devices.
